ABSTRACT. We generalise the concept of universal central extensions for perfect groups to arbitrary finite groups. This construction, called the semiversal central extension of the group, has the property that it contains every cover of this group as a subquotient.
INTRODUCTION
We let G be a finite group. We denote by M := M (G) its Schur multiplier. Then a cover of a finite group G is a group G * , which is a central extension
of M by G such that M lies in the commutator subgroup of G * . The notion of covers comes from the study of central extensions and projective representations.
For a perfect group, there exists a unique cover up to isomorphism, which is called the universal central extension. However, non-perfect groups usually do not have unique covers.
To an arbitrary group G and an integer n ≥ 2 we associate in this article a new group, which we will denote by K(G, n). This construction is functorial in both arguments and inherits some properties from G, such as finiteness, nilpotency or solvability. The main result we prove is Theorem 3.3. Let s be the minimal number of generators of the finite group G. Let n ≥ s + 1. Then every cover of G is a subquotient of K(G, n). If G is Abelian we can realise every cover of G as a subgroup of K(G, n).
In Proposition 4.5 we prove that this bound n ≥ s + 1 cannot be improved. The group K(G, s + 1) extends the concept of the universal central extension for perfect groups to arbitrary finite groups: this group is in some sense minimal with respect to property that it contains all covers of a group as subquotients. On the other hand, a cover Date: May 13, 2005 . 1991 may be a subquotient in several ways, so our construction is not universal. Motivated by a similar phenomenon in deformation theory in algebraic geometry, we decided to call K(G, s + 1) the semiversal central extension of G.
In general, it is difficult to compute K(G, n) for a given group G. However, we are able to determine its structure if G is an elementary Abelian p-group: then K(G, n) is the product of G or the trivial group (depending on whether p divides n or not) and a special group of exponent p.
Our construction K(G, n) originally occurred within the context of fundamental groups of certain affine algebraic surfaces in algebraic geometry. In Section 5, we briefly review this connection. The interested reader is referred to [Li] for more details.
This article is organised as follows. In Section 1 we construct the group K(G, n) for n≥ 2 and a given group G. We give functoriality properties and compute K(G, n) in case G is perfect or Abelian.
In Section 2 we use K(G, n) to define K(G, n), the main object of this article. This construction is very much in the spirit of Hopf's presentation of H 2 (G, ) in terms of a presentation of G. We prove that K(G, n) is a central extension of H 2 (G, ) by K(G, n).
In Section 3 we explain a procedure to compute K(G, n) from an arbitrary cover of G. We use this description to prove Theorem 3.3, our main result. In Proposition 3.6 we illustrate the principle that the semiversal central extension can be used to answer questions on all covers of a group simultaneously.
Section 4 first deals with nilpotent groups. We compute K(G, n) for elementary Abelian p-groups. As an application, we prove that for elementary Abelian groups of order 2 s there exist covers that are not subgroups of K(( /2 ) s , s). In Section 5 we describe the connection of K(G, n) with fundamental groups groups of certain complex affine algebraic surfaces.
Acknowledgements. This article extends results from my Ph.D. thesis written under supervision of Gerd Faltings and with financial support from the Max-Planck Institut in Bonn. I would like to thank Gerd Faltings for discussions and help with my thesis.
AN AUXILIARY CONSTRUCTION
We let G be a group and n ≥ 2 a natural number. We denote by
which is a homomorphism as G ab is Abelian.
Definition 1.1. For a group G and a natural number n ≥ 2 we define K(G, n) to be the kernel of the homomorphism ψ :
Clearly K(−, n) is functorial in its first argument. We start with the Proposition 1.2. Let n ≥ 2 and G 1 , G 2 , G be arbitrary groups.
(1) If G 1 → G 2 is an injective or a surjective homomorphism then the same is true for the induced maps
PROOF. The first two assertions follow immediately from the definition.
The surjection G → G ab and the universal property of the Abelianisation imply that there is a natural surjective homomorphism
n . Since we assumed that n ≥ 3, we may write
n is not only a subgroup of K(G, n) but also lies inside the commutator subgroup of K(G, n). Hence the kernel K(G, n) → K(G ab , n) is the commutator subgroup of K(G, n) and we are done.
Remarks 1.3.
(
For example, dihedral groups and the quaternion group form counter-examples.
(2) The assumption n ≥ 3 in the third assertion of Proposition 1.2 is really needed.
For example, if G is the quaternion group then K(G, 2) ab and K(G ab , 2) are not isomorphic.
In two cases it is particularly easy to determine K(G, n):
PROOF. The Abelianisation of a perfect group is trivial and so the first assertion follows from the definition of K(G, n). Now let G be an Abelian group. Then the map
defines a homomorphism. It is injective with image K(G, n).
Proposition 1.5. Let n ≥ 2 and let P be one of the following properties: Abelian, finite, nilpotent, perfect, solvable. Then G has the property P if and only if K(G, n) has the respective property.
PROOF. By definition, K(G, n) is a subgroup of G n . Therefore if G is Abelian (resp. finite, nilpotent, solvable) the same is true for K(G, n). If G is perfect then K(G, n) = G n which also is perfect.
The projection onto the first factor G n → G induces a surjective homomorphism from
is Abelian (resp. finite, nilpotent, perfect, solvable) the same is true for G.
We denote by S n the symmetric group on n letters. There is an action of S n on K(G, n) induced by the action of S n on G n by permuting the n factors. With respect to this action we form the semidirect product
Whenever the symmetric group S n acts on a group X via some homomorphism ϕ : S n → Aut(X) we may form the semidirect product X ⋊ S n with respect to this action. For x ∈ X and σ ∈ S n the commutator [x, σ] in X ⋊ S n is equal to xσx
) by definition of the semidirect product. For a subgroup S of S n we define [X, S] to be the subgroup of X ⋊ S n generated by all elements [x, s] with x ∈ X and s ∈ S. It is easy to see that [X, S] is a normal subgroup of X. Theorem 1.6. Let X be a group and ϕ : S n → Aut(X) a homomorphism with n ≥ 3. We embed S n−1 into S n as the subgroup of those permutations that fix the first letter.
Let X ⋊ S n be the semidirect product with respect to ϕ. Then [X, S n−1 ] is a subgroup of [X, S n ] and both groups are normal subgroups of X. We define
Then there exists a S n -equivariant and surjective homomorphism
PROOF. We denote by p 1 : X → X/[X, S n−1 ] the natural projection. Then we define p i (x) to be p 1 (ϕ((1 i))(x)) for i = 2, ..., n. Combining these, we obtain a homomorphism
By assumption, S n acts on X via ϕ. The group S n acts on (X/ [X, S n ]) n by permuting the factors. We leave it to the reader to verify that p is equivariant with respect to these actions.
The group [X, S n ] is a subgroup of X and K(Y, n) is a subgroup of (X/ [X, S n−1 ]) n . To prove the theorem, we have to show that p restricted to [X, S n ] maps surjectively onto
Let x ∈ X and τ ∈ S n be a transposition.
We assume for simplicity that τ = (1 2) and compute
This element clearly lies in K(Y, n). A similar computation shows that p([x, τ ]) lies in K(Y, n) for an arbitrary transposition τ ∈ S n . Since elements of the form [x, τ ] where τ is a transposition generate [X, S n ] it follows that the image p([X, S n ]) lies in K(Y, n). It remains to prove surjectivity: It is easy to see (using formula (1)) that for n ≥ 3 the group K(Y, n) is generated by elements of the form (1, ..., y, 1, ..., y −1 , 1, ...), y ∈ Y . Using again n ≥ 3 it is not complicated to see that it is enough if these y's run through a generating set {y k } k∈I of Y . As p is S n -equivariant, it is therefore enough to show that for all k ∈ I the element (y k , y k −1 , 1, ...) lies in the image of p. Modulo [X, S n−1 ], every element of the form [x, σ] with σ ∈ S n is congruent to one of the form [x, (1 i)] with i ≥ 2. Thus, elements of the form p 1 ([x, (1 i)]) form a system of generators of Y . If i ≥ 3 then we conjugate by (2 i) and thanks to S n -equivariance we obtain
) by formula (2). Such elements and their
S n -conjugates generate K(Y, n). Hence K(Y, n) lies in the image of p.
THE MAIN CONSTRUCTION
As in the previous section, we let G be a group and n ≥ 2 be a natural number. We choose a presentation G ∼ = F/N where F is a free group. Then K(N, n) is a subgroup of K(F, n) which is a subgroup of F n . We denote by ≪ K(N, n) ≫ the subgroup normally generated by K(N, n) inside F n . Using formula (1) it is easy to see that for n ≥ 3 the group ≪ K(N, n) ≫ is equal to the subgroup normally generated by K(N, n) as a subgroup of K(F, n). Definition 2.1. We let G be a group and n ≥ 2 be a natural number. We define
Theorem 2.2. The group K(G, n) does not depend upon the choice of a presentation. There exists a central short exact sequence
PROOF. We choose a presentation G ∼ = F/N and abbreviate the normal closure
Also, we will simply write H 2 (G) for H 2 (G, ). First, we will prove the short exact sequence of the statement of the theorem: We denote by π the projection of F n onto its last n − 1 factors. By abuse of notation we denote its restriction to K(F, n) also by π. Then we have a short exact sequence
An easy computation with commutators shows that R ∩ ker π = [F, N ]. Via π we obtain the following diagram with exact rows and columns:
Taking quotients of successive rows we exhibit the group K(F, n)/R as an extension of
The latter group is isomorphic to K(G, n). By Hopf's theorem (cf. [Br, Theorem II.5.3] 
Hence we obtain an extension
Next, we will show that this extension is central: Every element of H 2 (G) can be lifted to an element of the form
Hence H 2 (G) lies inside the centre of K(F, n)/R. We now prove that K(G, n) is well-defined: Let α : F/N ∼ = F ′ /N ′ be another presentation for G. We may lift this isomorphism to a map ϕ :
Now let ϕ ′ be another map lifting α to a homomorphism from F to F ′ . Suppose now that n ≥ 3. Then elements of the form (f, f −1 , 1, ...., 1) generate K(F, n) and so in this case it is enough to compare the maps induced by ϕ and ϕ ′ on these elements.
Hence the induced maps coincide. For n = 2 the group K(F, 2) is generated by elements of the form (f, f −1 ) and ([f 1 , f 2 ] , 1). It is easy to see that also in this case the induced maps coincide.
In particular, if we choose F = F ′ and N = N ′ with α and ϕ the identity then every other lift ϕ ′ of the identity induces the identity on K(F, n)/R. Coming back to the general case, we let F/N and F ′ /N ′ again be two presentations of G and let α be an isomorphism between them. Then α and α −1 induce maps between K(F, n)/R and K(F ′ , n)/R ′ such that the composites of these induced maps have to be the identity by the previous paragraph. Hence α induces an isomorphism from
is well-defined. Taking the quotient of the top row by the bottom row of (4) we obtain a short exact sequence
Remark 2.3. Proposition 4.2 illustrates that the condition n ≥ 3 is necessary for H 2 (G, ) to lie inside the commutator subgroup of K(G, n).
Via the short exact sequence (3) there are induced maps H 2 (G, ) → H 2 (H, ) and K(G, n) → K(H, n). These maps coincide with the map induced by α on homology and the map induced by α from K(G, n) to K(H, n), respectively.
PROOF. We choose presentations
In the proof of Theorem 2.2 we did not need that the map α considered there was an isomorphism to prove that it induces a unique map from K(G, n) to K(H, n). This shows functoriality.
It is easy to see that the induced map coming from K(−, n) is compatible with the map induced by α from K(G, n) to K(H, n).
The only difficult part is that the homomorphism induced on homology is compatible with the one coming from K(−, n). However, this follows from [Br, Exercise II.6.3.b] .
Corollary 2.5. There exists a S n -action on K(G, n) that makes the homomorphism from
Using the notation introduced in Theorem 1.6, there exists for n ≥ 3 an isomorphism
PROOF. Given a presentation G ∼ = F/N it is easy to check that the S n -action on K(F, n) induces an action on K(G, n) that does not depend on the choice of the presentation. We view K(F, n) as a subgroup of F n . For n ≥ 3 the group [K(F, n), S n−1 ] is a normal subgroup of K(F, n) consisting of those elements with a trivial entry in the first coordinate. Hence
Of course, the same holds true if we replace F by N . We have isomorphisms
This proves our assertion.
Corollary 2.6. For n ≥ 3 there exist isomorphisms
PROOF. The first isomorphism follows from the fact that H 2 (G, ) lies inside the commutator subgroup of K(G, n). The remaining isomorphisms follow from Proposition 1.2 and Proposition 1.4.
Remark 2.7. The statement for n = 2 is false: For G = ( /2 ) 2 the groups K(G, 2) ab and K(G, 2) ab are not isomorphic, cf. Proposition 4.2.
which is isomorphic to G n−1 by Proposition 1.4.
Proposition 2.9. Let P be one of the following properties: finite, nilpotent, perfect, solvable. Then G has the property P if and only if K(G, n) has the respective property.
PROOF. If G is finite then the same is true for H 2 (G, ) and K(G, n). So, if G is finite the same is true for K(G, n) because it is an extension of H 2 (G, ) by K(G, n).
Since H 2 (G, ) is Abelian it is nilpotent. Hence if G is solvable (resp. nilpotent) then so is K(G, n) because it is a (central) extension of two solvable (resp. nilpotent) groups.
If G is perfect and
By the short exact sequence (5) the group K(G, n) is an extension ofG by G n−1 . Thus K(G, n) is perfect being an extension of two perfect groups.
The group G is a quotient of K(G, n). So, if K(G, n) is finite (resp. nilpotent, perfect, solvable) the same is true for G.
Remark 2.10. If G is Abelian it may happen that K(G, n) is not, cf. Proposition 4.2.
CENTRAL EXTENSIONS AND COVERS
We recall that a group G * is called a cover (or a representation group) of the finite group G if there exists a central short exact sequence
and such that M is isomorphic to the Schur multiplier of G. For a perfect group there exists a unique cover up to isomorphism, which is called its universal central extension.
If G is a finite group then Pontryagin duality provides us with a non-canonical isomorphism of its Schur multiplier M (G) := H 2 (G, * ) with H 2 (G, ).
Theorem 3.1. Let G * be a cover of the finite group G and M be the kernel of the map from G * onto G. Then there exists an isomorphism
In particular, the group on the left depends on G and n only.
PROOF. By Schur's theorem [Ka, Theorem 2.4 .6], there exists a free group F and two normal subgroups N and S such that
It is easy to see that we have an inclusion
by checking that elements of the form (x, x −1 , 1, ..., 1) with x ∈ N are contained in the group on the right. For n = 2 we also have to check elements of the form ([x, f ], 1, ...) with x ∈ N and f ∈ F . So, if we form the quotients of K(F, n) by these two groups we obtain a surjective homomorphism ψ from K(G, n) onto K(G * , n)/K(M, n). On the other hand, both groups are extensions of H 2 (G, ) by K(G, n). The surjective map ψ induces an isomorphism between the kernel and the quotient of these extensions. Hence ψ is an isomorphism.
Proposition 3.2. If G is a finite and perfect group there exists a short exact sequence
Here, G denotes the universal central extension of G.
PROOF. If G is perfect and presented as F/N then its universal central extension is isomorphic to [F, F ] / [F, N ], cf. [Ka, Theorem 2.10.3]. Thus our statement follows from the short exact sequence (5).
The inclusion of K(G, n) into G n composed with the projection onto the first factor of G n induces a surjective homomorphism π 1 : K(G, n) → G. We want to recover G * from K(G, n) compatible with π 1 :
Given a cover G * of G we are looking for a subgroup H of K(G, n) such that the induced map π 1 • ψ : H → G is surjective, and such that H 2 (G, ) contained in its kernel. Also this group H should have surjective homomorphism φ onto G * , such that the following diagram commutes
If n is large enough such a subgroup H always exists:
Theorem 3.3. Let s be the minimal number of elements needed to generate the finite group G. Let n ≥ s + 1. Then every cover of G is a subquotient of K(G, n). More precisely, given a cover G * of G there exists a subgroup H of K(G, n) and a commutative diagram like (6). If G is Abelian we can realise every cover as a subgroup of K(G, n).
PROOF. Let G ∼ = F/N be a presentation of G, where F is a free group of rank s. We let f 1 , ..., f s be a basis of F .
We now apply Schur's theorem [Ka, Theorem 2.4 .6]: given a cover G * of G there exists a normal subgroup S of F such that G * ∼ = F/S and
We want to show that the order of f i in G is equal to its order in G * . So let m i be the order of f i in G, i.e. m i is minimal with respect to f i mi ∈ N . The smallest positive integer n i such that f i ni ∈ S fulfils n i ≥ m i as S ≤ N . Suppose we had
. This is impossible for k i > 0 since F is a free group. Thus, m i = n i and so f i mi lies in S, i.e. the image of f i in G * has the same order as its image in G.
We denote by g * i the image of f i in G * . We define H as the subgroup of K(G * , n) generated by the elements (g * i , 1, ..., (g * i )
−1 , 1, ...) where the second non-trivial entry is in the (i + 1)-th position. To do so, we need the assumption n ≥ s + 1. As K(G * , n) is a subgroup of (G * ) n we may view H as a subgroup of (G * ) n . Let π * 1 be the projection from (G * ) n onto its first factor. Then the inclusion of H into (G * ) n followed by π * 1 defines a surjective homomorphism φ from H onto G * . We let K be the kernel of the map from G * onto G. Then we obtain the following commutative diagram
. We want to show that K(K, n) intersects H trivially. For this, we consider K n and H as subgroups of (G * ) n . Suppose an element h ∈ H lies in K n . The (i + 1)-th entry of h is of the form g * i ki for some integer
ki lies in K then its image in G under ψ is trivial. But this means that k i divides the order of ψ(g * i ) in G which is the same as the one of g * i in G * . Hence if (g * i ) ki lies in K it must be trivial. So the element h is of the form (k, 1, ...) with k ∈ K. But K is Abelian and so there are no elements of K(K, n) that have only one non-trivial entry. In particular, the intersection of H with K(K, n) is trivial.
So H is isomorphic to its image H ′ in K(G * , n)/K(K, n). This latter group is isomorphic to K(G, n) by Theorem 3.1. Thus, we realised G * as a subquotient of K(G, n) and it is easy to see that H ′ fits into the diagram (6). Moreover, if G is Abelian then ψ(H) is isomorphic to G. The kernel of the map ψ restricted to H is K. This implies that the surjective map φ : H → G * is in fact an isomorphism as both groups are extensions of K by G. Thus the image H ′ of H in K(G, n) is isomorphic to G * and we have realised G * as a subgroup of K(G, n).
Remark 3.4. We will see in Proposition 4.5 that the bound n ≥ s + 1 cannot be improved.
Definition 3.5. Let G be a finite group and s be the minimal number of generators for G. We define the semiversal central extension of G to be K(G, s + 1).
The semiversal central extension allows to answer questions about all covers of a group simultaneously. We illustrate this in the proof of the following Proposition 3.6. Let P be one the following properties:
of exponent e, nilpotent, solvable. The following are equivalent:
(1) There exists a cover of G with property P .
(2) The semiversal central extension of G has P . (3) Every cover of G has property P .
PROOF. Let G * be a cover of G that has exponent e. Then K(G * , n) has exponent at most e. The semiversal central extension S(G) of G is a quotient of K(G * , s + 1) where s denotes the minimal number of generators of G. So S(G) has exponent at most e. By Theorem 3.3 the group G * is a subquotient of S(G) and so S(G) has exponent e. As S(G) depends on G only, its exponent does not depend on the particular choice of G * . Hence every cover of G also has exponent e.
For nilpotency and solvability we use Proposition 1.5 and conclude as before.
NILPOTENT GROUPS AND p-GROUPS
We now apply our constructions to finite nilpotent groups. The following proposition implies that we may restrict ourselves to p-groups: Proposition 4.1. Let G be a finite nilpotent group and n ≥ 2. Let S p be the unique Sylow p-subgroup of G. There exists an isomorphism
, where p runs over all prime numbers. More precisely, the short exact sequence (3) for G is the product of the short exact sequences (3) taken over all its Sylow p-subgroups S p .
PROOF. By functoriality, there exists a commutative diagram with exact rows
From [Ka, Corollary 2.2.11] and Proposition 1.2 it follows that ϕ 1 and ϕ 3 are isomorphisms. Hence ϕ 2 is an isomorphism.
Let p be a prime and n ≥ 2 a natural number. For the cyclic group /p it follows from Proposition 2.8 that there exists an isomorphism
Thus all elementary Abelian p-groups arise as K(G, n) for some G and n. We recall that a p-group is called special if its centre is equal to its commutator subgroup and its Frattini subgroup. A p-group is called extra-special if it is special and its centre is cyclic. We refer to [Asch, Chapter 8] for basic properties of p-groups and further details.
Proposition 4.2. The group
If p is an odd prime then K(( /p ) 2 , 2) is isomorphic to the extra-special group of order p 1+2 and exponent p.
PROOF. We leave the computation of K(( /2 ) 2 , 2) to the reader. Let p be an odd prime and G := ( /p ) 2 . Let G * be the unique extra-special group of order p 1+2 and exponent p. The group K(G, n) has exponent p and is a quotient of K(G * , n) by Theorem 3.1 and Proposition 3.6. Using appropriate elements x, y in G * that do not commute it is not hard to see that the images of (x, x −1 ) and (y, y −1 ) in K(G, 2) do not commute. Hence K(G, 2) is not Abelian. Thus it is extra-special because all nonAbelian groups of order p 3 are extra-special.
In general, it is very difficult to compute K(G, n) for given G and n. We now determine its structure in case G is elementary Abelian. The most subtle point is the computation of the centre of K(G, n) -given G, its size depends on whether p divides n or not.
There exist covers of G := ( /2 ) s of exponent 4. In fact, by Proposition 3.6, every cover of G has exponent 4. The same proof as the one of Proposition 4.3 then shows Proposition 4.4. Let n ≥ 3 and s ≥ 2. The group K(( /2 ) s , n) has order 2 1+s(n−1) . It is isomorphic to a product A × E, where
s if n is even and is trivial otherwise, (2) E is a special group of exponent 4. Its centre is elementary Abelian of order 2 k , where k = s(s − 1)/2.
The group G := ( /2 ) s cannot be generated by less than s elements. By Theorem 3.3, every cover G * of G is isomorphic to a subgroup H of K(G, s + 1) as in diagram (6).
PROOF. We let g i , i = 1, ..., s be a basis of G = ( /2 ) s . The group
defines a cover of G, cf. [Ka, Theorem 2.9 .3]. The elements g
In fact, these s(s − 1)/2 commutators form a basis of the elementary Abelian 2-group H 2 (G) inside G * . We denote the map from K(G, n) onto K(G, n) by ψ. Let π 1 be the projection from G n onto its first factor. We let K be the kernel from G * onto G. By Theorem 3.1, there exists a surjective map ϕ from K(G * , n) onto K(G, n) with kernel K(K, n). We want to embed G * into K(G, n) via some map ı such that π 1 • ψ maps H := ı(G * ) surjectively onto G. Also we want to have an isomorphism φ : H → G * compatible with ψ, cf. diagram (6). Let g * i be a lift of ı(g
We think of G as a 2 -vector space with basis g i . Then each v k i can be written uniquely as j λ i,k j g j . We define I(i) to be the set of those indices k ∈ {1, ...n} such that λ
* form a basis of the 2 -vector space H 2 (G). Assume that for some j = i the intersection I(i) ∩ I(j) is a set with an even number of elements. The element ı(k ij ) is the image of
Each component of K ij can be written as product of commutators k lm (note that H 2 (G) is a central subgroup). As the k lm 's form a basis of H 2 (G), the element ψ(K ij ) = ı(k ij ) can only have image k ij under φ if there are k ij 's in the components of K ij . As I(i) ∩ I(j) is even, the commutator k ij of G * occurs an even number of times in the components of K ij . However, an element of (H 2 (G)) n with such a property necessarily lies in K(H 2 (G), n). So all k ij 's are killed by ϕ and so φı(k ij ) = k ij , a contradiction. So the intersection of I(i) and I(j) has odd cardinality for all i = j.
We have now reduced our question to a combinatorial statement: We are given subsets I(i), i = 1, ..., s of the natural numbers {1, ..., n}. We know that each I(i) has even cardinality, and that the intersection I(i) ∩ I(j) has odd cardinality for all i = j. We want to show that then n ≥ s + 1. To each I(i) we associate a vector v i in n 2 that has a non-trivial k-th entry if and only if k ∈ I(i). The following lemma implies n ≥ s + 1 and so we are done. Lemma 4.6. We endow V := n 2 with the bilinear form x, y = i x i y i . We let H ≤ V be the hyperplane
Then the v i 's are linearly independent. In particular, n − 1 = dim H ≥ s.
PROOF. Suppose v := i λ i v i = 0 for some λ i ∈ 2 . Since the first component of each v i is equal to 1 the number of non-zero λ i 's must be even.
We assume now that at least one of the λ i 's, say λ 1 , is non-zero.
is zero for i = 1 and equal to 1 otherwise it follows that the number of non-zero λ i 's with i ≥ 2 has to be even. As λ 1 = 1 the total number of non-zero λ i 's is odd.
This contradiction shows that all λ i have to be zero.
A PERSPECTIVE TO FUNDAMENTAL GROUPS
We now sketch how K(G, n) and K(G, n) are connected to fundamental groups of affine algebraic surfaces. For details and references we refer to [Li] .
Let X be a smooth projective surface over the complex numbers. We choose a sufficiently ample line bundle L, e.g. the tensor product of five very ample line bundles would be enough.
Then we embed X via L into some È N . After that we choose a generic codimension three linear subspace in this È N and consider the projection π away from this space. This is a rational map from È N onto È 2 . The restriction
is a finite morphism, called a generic projection. Knowing the branch locus of f , its degree and a little bit of extra data it is possible to reconstruct X. Thus, generic projections form an approach to a finer classification of algebraic surfaces. In particular, one hopes to find discrete invariants for surfaces of general type to distinguish between connected components of their moduli spaces. To a generic projection f of degree n we associate its so-called Galois closure
This turns out to be a smooth projective surface. In most cases it is of general type. Also, this construction gives one of the few known ways to construct series of surfaces of general type with positive index, i.e. the Chern numbers of X gal fulfil c 1 2 > 2c 2 . For some time there was a conjecture that surfaces of general type with positive index should have infinite fundamental groups. The first counter-examples to this conjecture were given by Moishezon and Teicher via computing fundamental groups of Galois closures to generic projections from X = È 1 × È 1 . In [Li] we partly simplified their calculations which led to K(G, n):
We fix a generic projection f : X → È 2 of degree n and denote by X gal its associated Galois closure f gal : X gal → È 2 . Also, we fix a generic line in È 2 and denote its complement by 2 . We denote the inverse images of f −1 ( 2 ) and f gal −1 ( 2 ) by X aff and X aff gal , respectively. Since f is generic the Galois group of X gal over È 2 is the whole symmetric group S n . This group acts on X gal and X aff gal and we can form the quotient X gal / S n−1 ∼ = X X aff gal / S n−1 ∼ = X aff . There are n distinct embeddings of S n−1 into S n yielding n distinct isomorphisms and n distinct induced maps on fundamental groups, all of which are surjective:
Of course, these n homomorphisms are related to the S n -action on X gal and X aff gal . Using Theorem 1.6 it is not too difficult to prove Theorem 5.1. There exist surjective homomorphisms π 1 (X gal ) → K(π 1 (X), n) π 1 (X aff gal ) → K(π 1 (X aff ), n) . The arguments in the proof of Theorem 5.1 can be formalised in such a way that the result remains true forétale fundamental groups and generic projections defined over arbitrary algebraically closed fields of characteristic = 2, 3 -even though one has to modify the statement for π 1 (X In all known examples, where the generic projection was defined via a sufficiently ample line bundle, the map of Theorem 5.2 is in fact an isomorphism.
If this map happens to be an isomorphism in all cases (or at least for a certain class of surfaces or generic projections) we should study K(G, n) and its group theoretical properties more closely. In particular, we could use Galois closures of generic projections to obtain algebraic surfaces with interesting fundamental groups. One such application could be the following question: Are there examples of surfaces with π 1 (X aff ) residually finite such that π 1 (X aff gal ) is not residually finite for an appropriate generic projection from X?
